The quasi-Baer-splitting property for mixed abelian groups  by Breaz, Simion
Journal of Pure and Applied Algebra 191 (2004) 75–87
www.elsevier.com/locate/jpaa
The quasi-Baer-splitting property for mixed
abelian groups
Simion Breaz
Faculty of Mathematics and Computer Science, Babes-Bolyai University, Str. Mihail Kog alniceanu 1,
Cluj-Napoca 3400, Romania
Received 19 March 2003; received in revised form 8 December 2003
Communicated by G. Rosolini
Abstract
The quasi-Baer-splitting property is extended from self-small torsion free groups to arbitrary
self-small abelian groups. The self-small group A has this property i5 it is almost-faithful as
an E-module. This fact is re6ected in the structure of A=t(A) as a module over the Walk-
endomorphism ring of A. A self-small group A is almost E-6at and has the quasi-Baer-splitting
property i5 the class of almost A-adstatic modules is closed with respect to submodules and i5
A is “almost-projective” with respect to the class of almost A-static groups.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
In this paper all groups are abelian groups. If A is a group, then t(A) represents the
torsion part of A and, for a prime p, Ap is the p-component of A. We denote with
@A the group A=t(A) and with E(A) = E the endomorphism ring of A. P is the set of
primes. All unexplained notions and results can be found in [12,14,16].
Since the quasi-decomposition theory play an important role in the study of torsion
free groups, Albrecht modiEes in [3] the Baer-splitting property and he obtains the
notion of quasi-Baer-splitting property for the torsion free abelian groups. The quasi-
decomposition theory was extended in [17] to abelian groups in general and during the
last years this theory was applied to some classes of mixed groups (see [4,18]).
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The aim of this paper is to study this property deleting the condition torsion free.
In [17], the author considers the abelian category QA which has all abelian groups
as objects and, if A and C are abelian groups, the group of morphisms from A to C
in QA is Q⊗Z Hom(A; C). He proves that this category is equivalent to the quotient
category A=B of the category of all abelian groups, A, modulo the thick subcategory
B of A which contains exactly all bounded groups (see [14] for the construction of
the quotient category).
This construction is valid for any category of right (left) modules over an arbitrary
ring R. In [10] the authors consider the quotient category Mod-R=B, with B the class
of all R-modules which are bounded as abelian groups. In this context they End again
Albrecht’s “quasi-properties” for R-modules [3]: a R-homomorphism f :A→ C repre-
sents a monomorphism in Mod-R=B (f is called a quasi-monomorphism) i5 Ker(f)
is a bounded group and it represents an epimorphism in Mod-R=B (f is called a
quasi-epimorphism) i5 Coker(f) is a bounded group. Note that f represents an iso-
morphism in Mod-R=B (f is called a quasi-isomorphism) i5 there exists a non-zero
integer n and a group homomorphism g :C → A such that gf=n1A and fg=n1B. More-
over, if f represents an epimorphism in Mod-R=B then it splits in Mod-R=B i5 there
exists a group homomorphism g :C → A and a non-zero integer n such that fg= n1C .
We say then that f quasi-splits. A submodule C of a R-module A is quasi-equal to
A if there exists a non-zero integer n such that nA ⊆ C and this situation is denoted
by A := C. A direct summand of A in Mod-R=B is called a quasi-summand of A. If
C is a R-submodule of A then C is a quasi-summand of A i5 A := C + C′ for some
R-submodule C′ of A such that C ∩ C′ is bounded as an abelian group.
We say that an R-module C is almost A-generated if there exists a homomorphism
A(I) → C which represents an epimorphism in Mod-R=B and C is almost A-projective
if it is isomorphic to a quasi-summand of a direct sum (in Mod-R) of copies
of A.
An abelian group A has the quasi-Baer-splitting property if every epimorphism
C → G → 0, with C an almost-A-generated group and G an almost A-projective
group, quasi-splits.
A left R-module A is almost-faithful if, for a right R-module M , the tensor product
M⊗RA is bounded if and only if M is bounded as an abelian group. If A is almost-6at,
then this is equivalent to the fact that the canonical functor (see the beginning of
Section 3) qTA : Mod-R=B→A=B, induced by the tensor product functor, is a faithful
functor.
Recall that a group A is self-small if the covariant functor Hom(A;−) preserves
the direct sums of copies of A [9]. Note that if A is a self-small group, then every
p-component of A is Enite and the group Hom(A; t(A)) is a torsion group and that
these conditions are suMcient if A is of Enite torsion free rank [8, Theorem 2.3]. It
follows that for a self-small group A the Walk-endomorphism ring of A is @E=E=t(E).
Observe that @A has a canonical structure of left @E-module: if f∈E and a∈A, then
@f @a = f(a). This structure will be useful to give a characterization for the self-small
abelian groups with the quasi-Baer-splitting property.
In Section 2 the structure of (self-small) groups with the quasi-Baer-splitting prop-
erty is studied. Theorem 2.3 corresponds to Albrecht’s theorem [3, Theorem 2.3].
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Theorem 2.6 gives a characterization of self-small groups with quasi-Baer-splitting
property in terms of the @E(A) structure of @A. An analogue characterization was ob-
tained in [8, Theorem 5.1] for the groups which are faithful as E-modules.
In [5, Theorem 2.3], the author proves that a self-small torsion free group A is E-
almost-6at and it has the quasi-Baer-splitting property i5 the class of the almost-A-
adstatic modules is closed with respect to submodules. The aim of Section 3 is to
generalize this result to arbitrary self-small group (see Theorem 3.3). Albrecht proves in
[1, Theorem 2.5] that an E-6at self-small abelian group has the Baer-splitting property
i5 A is projective relative to the exact sequences with objects in the category of
the A-solvable groups. In Theorem 3.5 we obtain a similar characterization of the
E-almost-6at abelian groups with the quasi-Baer-splitting property.
2. The quasi-Baer-splitting property
Lemma 2.1. If C is a direct summand of a group A which has the quasi-Baer-splitting
property, then C has the quasi-Baer-splitting property.
Proof. It is enough to observe that if C is a direct summand of A, then every
C-generated group is A-generated and that every C-projective group is an A-projective
group.
Proposition 2.2. Let A be an abelian group such that it has the quasi-Baer-splitting
property. Then
(i) For every prime p, the p-component of A, Ap is bounded.
(ii) The group @A= A=t(A) is p-divisible for almost all primes p for which Ap = 0.
Proof. (a) Observe that Z(p∞) has not the quasi-Baer-splitting property since there
exists an epimorphism  :Z(p∞)(N) → Z(p∞)(N) with reduced unbounded kernel,
hence  is not a splitting epimorphism in QA (see [10]). Therefore, from Lemma 2.1,
every p-component of A is reduced.
Suppose that there exists a prime p such that the p-group Ap is not bounded. Then,
this group has an unbounded basic subgroup and it follows that we can End a strictly
ascending sequence of positive integers 0¡n1¡ · · ·¡nk ¡ · · · such that for every
k ¿ 0 there exists a direct summand Ck ∼= Z(pnk ) of Ap. Observe that every Ck is a
bounded pure subgroup of A, hence it is a direct summand of A. Therefore, the group⊕
k¿0 Ck is an A-projective group.
For every k ¿ 0, we Ex a generator ck of Ck and deEne the epimorphism k :C2k →
Ck with k(c2k) = ck . Then
=
⊕
k¿0
k :
⊕
k¿0
C2k →
⊕
k¿0
Ck
is an epimorphism. It follows that there exists a non-zero integer m and a homo-
morphism  :
⊕
k¿0 Ck →
⊕
k¿0 C2k such that  = m1(
⊕
k¿0 Ck ). Let n be the pos-
itive integer such that m = pnm′ with (m′; p) = 1. Observe that there exists k0¿ 0
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such that for every integer k¿ k0 we have n2k − nk ¿n. For such a k, we write
(ck) = lc2k + l1c2k1 + · · ·+ lsc2ks with l; l1; : : : ; ls ∈Z and ki = k for all i = 1; : : : ; s.
Then mck = (ck) = lck + l1ck1 + · · ·+ lscks = lck and this shows that l= pnl′ with
(l′; p)=1. It follows that the exponent of (ck) is at least n2k−n¿nk , a contradiction.
Therefore, the p-component of A is bounded for all primes p.
(b) Suppose that the set
S = {p∈P|Ap = 0 and p @A = @A}
is inEnite. For every prime p∈ S we consider Cp a cyclic direct summand of Ap and
an epimorphism p : @A→ Cp. Hence we can apply the hypothesis for the epimorphism
=
⊕
p∈S
p :
⊕
p∈S
@A→
⊕
p∈S
Cp
and we obtain that there exists an integer m = 0 and a homomorphism  : ⊕p∈S Cp →⊕
p∈S @A such that  = m1
⊕
p∈S Cp . But  = 0 because
⊕
p∈S Cp is a torsion group
and
⊕
p∈S @A is a torsion free group and this shows that
⊕
p∈S Cp is bounded by m,
a contradiction.
The next theorem is proved in [3, Theorem 2.3] for the torsion free case. An exam-
ination of the proof of this result reveals that we can abjure the claim that A is torsion
free.
Theorem 2.3. Let A be a self-small group. Then the following conditions are equiv-
alent:
(i) A has the quasi-Baer-splitting property;
(ii) If M is a right E-module such that the group TA(M)=M ⊗E A is bounded, then
M is bounded as an abelian group.
Corollary 2.4. Let A =
⊕n
i=1 Ai be a self-small group such that if i = j then the
group Hom(Ai; Aj) is bounded. Then A has the quasi-Baer-splitting property if and
only if for every i = 1; : : : ; n the group Ai has the quasi-Baer-splitting property.
Proof. By Lemma 2.1 only the proof of the suMciency is needed. Suppose that for
every index i the group Ai has the quasi-Baer-splitting property and we will prove that
A veriEes condition (ii) in Theorem 2.3. Let M be a right E(A)-module such that the
group M⊗E(A)A is bounded. Observe that there exists a ring embedding
∏n
i=1 E(Ai)→
E(A) which veriEes the hypothesis of [7, Lemma 2.3]. Hence M⊗∏n
i=1 E(Ai)A is bounded.
Using [11, Lemma 2.1] we obtain the isomorphism
M ⊗∏n
i=1 E(Ai) A
∼=
n∏
i=1
(ME(Ai))⊗E(Ai) (E(Ai)A):
Observe that we have E(Ai)A=Ai for all i=1; : : : ; n. Then for every index i the group
ME(Ai)⊗E(Ai) Ai is bounded and it follows that ME(Ai) is bounded from Theorem 2.3.
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Therefore M is bounded because it is isomorphic as a
∏n
i=1 E(Ai)-module to∏n
i=1 ME(Ai).
Corollary 2.5. Let A be a self-small group. Then A has the quasi-Baer-splitting prop-
erty if and only if A = B
⊕
C with B a <nite group and C a self-small group such
that
(i) @C is p-divisible for all primes p with Cp = 0, and
(ii) C has the quasi-Baer-splitting property.
Proof. If A has the quasi-Baer-splitting property, then from the Proposition 2.2 we
obtain that the set S = {p∈P|Ap = 0 and p @A = @A} is Enite. Then we can write
A = B
⊕
C with B =
⊕
p∈S Ap. Hence C veriEes condition (i) Condition (ii) is a
consequence of Lemma 2.1.
Conversely, the result follows from Corollary 2.4 using the fact that B is Enite, and
it has the quasi-Baer-splitting property.
Theorem 2.6. Let A be a self-small group. The following conditions are equivalent:
(a) A has the quasi-Baer-splitting property.
(b) (i) For almost all primes p such that Ap = 0, the group A=Ap is p-divisible,
(ii) Ap is homogeneous for almost all primes p, and
(iii) @A is almost-faithfully as left- @E module.
Proof. (a)⇒ (b): Condition (i) follows from Corollary 2.5.
Suppose that condition (ii) is not valid. Then we can consider an inEnite set P ⊆ P
such that for every p∈P the p-component Ap is not homogeneous and the group A=Ap
is p-divisible. Using [8, Theorem 5.1] we obtain that for every p∈P the group Ap
is not faithful as E(Ap)-module and it follows that there exists a right E(Ap)-module
Mp = 0 such that Mp⊗E(Ap)Ap=0. Moreover, if p∈P then we can write A=Ap
⊕
Ap
with Ap and Ap fully invariant subgroups. Hence E ∼= E(Ap)× E(Ap) and this shows
that Mp has a canonical structure of E-module. Using again [11, Lemma 2.1] we obtain
that Mp ⊗E A ∼= Mp ⊗E(Ap) Ap = 0 for every p∈P. Hence (
⊕
p∈P Mp)⊗E A= 0 and⊕
p∈P Mp is not bounded as an abelian group. This contradicts the hypothesis and we
obtain condition (ii).
To prove (iii), consider M a right @E-module such that the group M⊗ @E @A is bounded.
Using the restriction functors which are induced by the canonical ring epimorphism
E → @E, we view M and @A as right, respectively left, E-modules and observe that the
structure of @A as a E-module is exactly the structure which is obtained if we consider
the factor E-module A=t(A). Hence we obtain the exact sequence
M ⊗E t(A)→ M ⊗E A→ M ⊗E @A→ 0:
Observe that M⊗E @A is bounded because there exists an isomorphism M⊗ @E @A ∼= M⊗E @A
(see [13, Chapter V, Lemma 1.2]). Moreover condition (i) implies that @E is p-divisible
for almost all primes p for which Ap = 0. Then M is p-divisible for almost all primes
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p for which Ap = 0 and it follows that there exist the primes p1; : : : ; pk such that
M ⊗E t(A) ∼=
k⊕
i=1
M ⊗E Api
and this proves that M ⊗E t(A) is bounded because every Api is bounded. Hence, the
group M ⊗E A is bounded and from Theorem 2.3 we obtain that M is bounded as an
abelian group.
(b) ⇒ (a): Using (i) and Corollary 2.5, observe that we can suppose that @A is
p-divisible for all primes p for which Ap = 0.
Let M be a right E-module such that the group M ⊗E A is bounded. Then, using
the canonical epimorphism M ⊗E A → M ⊗E @A, we obtain that M ⊗E @A is bounded.
We denote by S the set of primes p such that @A is p-divisible and let N =
⊕
p∈S Mp
(Mp is the p-component of the group M). Then N is an E-submodule of M and
we obtain that the group M=N ⊗E @A is bounded. Observe that M=N has a canonical
structure as an @E module (the scalar multiplication is @f(m+N )=f(m)+N ) and that
’∗(M=N ) ∼= M=N (’∗ is the restriction functor which is induced by the canonical ring
epimorphism E → @E). The same property is valid for @A, hence M=N ⊗ @E @A is bounded.
From (iii) we obtain that M=N is bounded and this shows that M = N ⊕ B where B
is a E-module such that there exists a non-zero integer m with mB=0 and (m;p) = 1
for all p∈ S.
Observe that if p∈ S, then A= Ap
⊕
Ap with Ap and Ap fully invariant subgroups
and this shows that E ∼= E(Ap)× E(Ap). Hence
Mp ⊗E A ∼= (Mp ⊗E Ap)
⊕
(Mp ⊗E Ap) = (Mp ⊗E Ap) ∼= (Mp ⊗E(Ap) Ap):
Then Mp⊗E(Ap) Ap=0 for almost all primes p, because the group M ⊗E A is bounded.
Using the fact that Ap is Enite and homogeneous for almost all p we obtain that
Ap is faithful as a E(Ap)-module from [8, Theorem 5.1]. Therefore, using [15] we
obtain that Ap is faithfully 6at as a E(Ap)-module, hence Mp=0 for almost all primes
p. In conclusion M is bounded and this implies that A has the quasi-Baer-splitting
property.
3. E-Almost-$at groups
Using the universal property of a quotient category, in [10] the authors observe
that the pair of adjoint functors TA  HA, where HA = Hom(A;−) :A → Mod-E
and TA = − ⊗E A : Mod-E → A, induces in a natural way a pair of adjoint functors
qTA  qHA, where qHA :A=B→ Mod-E=B and qTA : Mod-E=B→A=B. For example
qTA(M)=TA(M), for every right R-module M , and qTA( @)=TA(), where @" represents
the class of the homomorphism " in the quotient category. An abelian group G is an
almost A-static group (almost A-solvable in [5]) if the counit @#G : qTAqHA(G) → G
is an isomorphism in A=B and a right E-module M is an almost A-adstatic module
if the unit @$A :M → qHAqTA(M) is an isomorphism. Observe that these notions are
exactly Albrecht’s notions presented in the beginning of Section 3 in [5].
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If E is a ring, a left E-module A is almost-=at if for every right E-module M , the
group Tor1E(M;A) is bounded [7]. In fact this is equivalent to the fact that the canonical
functor qTA : Mod-E=B→A=B is exact [10].
In [6, Theorem 2.1] the fact that a submodule of an A-adstatic module is A-adstatic
is characterized using a torsion theory induced by the property that A is E-6at. In
the following, we introduce similar notions, respecting some ideas presented in [14,
Chapter IV; 16, Chapter IX]: Let % be the class of all modules X ∈Mod-E such that
the group X ⊗E A is bounded. We say that a right E-module M is almost-%-torsion free
if for every X ∈ % the group HomE(X;M) is bounded. M ∈Mod-E is almost-%-closed
if it is almost-%-torsion free and Ext1E(X;M) is bounded for every X ∈ %. A submodule
N of the right E-module M is called almost-%-saturated if M=N is almost-%-torsion
free.
Lemma 3.1. Let A be an E-almost-=at abelian group.
(a) If M and N are right E modules such that M is almost-%-torsion free and there
exists an quasi-monomorphism  : N → M , then N is almost-%-torsion free.
(b) An almost-%-torsion free module M belongs to % if and only if it is bounded as
an abelian group.
(c) If M is an almost-%-closed right E-module and N is a submodule of M , then N
is almost-%-saturated if and only if it is almost-%-closed.
Proposition 3.2. Let A be an E-almost-=at group and let M be an almost-A-adstatic
E-module. Then the following statements are valid.
(a) M is almost-%-closed.
(b) If N is an E-submodule of M , then N is almost-A-adstatic if and only if it is
almost-%-saturated.
Proof. (a) We know that $M : M → HATA(M) is a quasi-isomorphism, hence there
exists $′M : HATA(M)→ M and a positive integer m such that $M$′M =m1HATA(M) and
$′M$M = m1M .
Let 0 → Y →E(I) → X → 0 be an exact sequence in Mod-E such that the group
X ⊗E A is bounded. Using the fact that A is E-almost 6at we obtain that TA() :
Y ⊗E A → E(I) ⊗E A ∼= A(I) is a quasi-isomorphism. Then for every abelian group Z
consider the commutative diagram
Hom(E(I) ⊗ A; Z) Hom(TA();Z)−−−−−−→ Hom(Y ⊗ A; Z)

HomE(E(I);HA(Z))
HomE(;HA(Z))−−−−−−−→ HomE(Y;HA(Z))
with canonical homomorphisms. Observe that the vertical arrows are isomorphisms and
that the top arrow is a quasi-isomorphism. Hence
HomE(;HA(Z)) : HomE(E(I);HA(Z))→ HomE(Y;HA(Z))
is a quasi-isomorphism.
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We consider the homomorphism
) : HomE(E(I); M)→ HomE(Y;M);
)=HY ($′M )HomE(;HA(TA(M)))HY ($M )
and it follows that it is a quasi-isomorphism. Moreover, it is easy to see that ) =
mHomE(;M) and this shows that HomE(;M) is a quasi-isomorphism. From the exact
sequence
0→ HomE(X;M)→ HomE(E(I); M)→ HomE(Y;M)→ Ext1E(X;M)→ 0
follows that M is almost %-closed.
(b) If N is almost-A-adstatic, then from (a) and Lemma 3.1 we obtain that it is a
almost %-saturated submodule of M .
Conversely, consider the commutative diagram
0 −−−−−−→N i−−−−−−−−−−→M *−−−−−−−−−−−→ M=N −−−−−−→ 0 $N
 $M
 $M=N
HATA(N )
HATA(i)−−−−→ HATA(M) −−−−→ HATA(M=N ):
Because the kernel of HATA(i) : HATA(N ) → HATA(M) is bounded and $M is a
quasi-isomorphism, it follows that Ker($N ) is bounded. Moreover, observe that Im$N
:=
Ker(*$′MHATA(i)) and this shows that the kernel of the canonical homomorphism
Coker($N )→ M=N is bounded. Then, using Lemma 3.1, Coker($N ) is almost %-torsion
free.
From [5, Proposition 2.1] we obtain that TA(M) is almost A-static and using the fact
that A is E-almost 6at, we obtain that TA(N ) is quasi-isomorphic to an A-generated
submodule of TA(M). From [5, Lemma 2.2] we obtain that TA(N ) is almost A-static.
Using the isomorphism Ker(#TA(N )) ∼= TA(Coker($N ) we obtain that Coker($N )∈ %.
Using again Lemma 3.1 we obtain that Coker($N ) is bounded and all these facts
prove that N is almost %-closed.
We are now able to prove Albrecht’s theorem [5, Theorem 2.3] for the general case.
Theorem 3.3. Let A be a self-small abelian group. Then the following are equivalent:
(i) A is E-almost =at and it has the quasi-Baer-splitting property.
(ii) The class of the almost A-adstatic modules is closed under submodules.
Proof. (i)⇒ (ii): Because A has the quasi-Baer-property, we obtain that
%= {X ∈Mod-E|X is bounded as an abelian group}
hence every right E-module is %-closed and, using Lemma 3.1, it follows that every
submodule of an almost A-adstatic module is %-almost saturated. From Proposition 3.2
we obtain that (ii) is valid.
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(ii) ⇒ (i): If A is a torsion group, then it is Enite [9, Theorem 3.1] and it follows
that it is projective as E-module [15] hence it is almost E-6at. Obviously, it has the
quasi-Baer-splitting property. Then we can suppose that A is a honestly mixed group.
Consider M a right E-module. As in [5, Theorem 2.3] we obtain that the group
HA(TorE1 (M;A)) is bounded. We claim that this is enough to obtain that A is E-almost
6at.
Let M be a right E-module. Consider the sets
ST = {p∈P|TorE1 (M;A)p = 0} and SA = {p∈P|Ap = 0}:
Observe that every p-component of A is Enite [9], hence a Enite direct summand. Then
for every p∈ ST ∩ SA the p-component of HA(TorE1 (M;A)) is not zero. This last group
being bounded, we obtain that the set S = ST ∩ SA is Enite.
Let p∈ ST \ S. Then the multiplication by p is not an automorphism for TorE1 (M;A)
and this shows that the multiplication with p is not an automorphism for A. Because
Ap = 0, it follows that A = pA. Hence there exists a non-zero homomorphism f :
A=pA→ TorE1 (M;A) and we obtain that f* : A→ TorE1 (M;A) is a non-zero element in
HA(TorE1 (M;A))p, where * : A→ A=pA is the canonical epimorphism. Using again the
fact that the group HA(TorE1 (M;A)) is bounded, we obtain that the set ST \ S is Enite.
Hence ST is Enite.
Suppose that there exists p∈ ST such that the p component TorE1 (M;A)p is not
bounded. In addition we suppose that for every positive integer k we have pkA =
pk+1A. Then for every k ¿ 0 we can End a group homomorphism f∈Hom(A=pkA;
TorE1 (M;A)) of order p
k and it follows that the order of f*∈HA(TorE1 (M;A)) is pk
(* : A→ A=pkA is the canonical epimorphism), hence HA(TorE1 (M;A)) is not bounded.
This contradiction shows that there exists a positive integer k such that pkA= pk+1A.
Fix a direct decomposition A=Ap
⊕
Ap and an integer k ¿ 0 such that pkAp=0 and
pkA= pk+1A. Then pkAp = pk+1Ap and it follows that Ap is p-divisible, because its
p-component is zero. It follows that Ap is fully invariant in A and it is the unique
complement of Ap [12]. The decomposition A = Ap
⊕
Ap is valid if we view A as a
left E-module, and we obtain that
TorE1 (M;A) ∼= TorE1 (M;Ap)⊕ TorE1 (M;Ap):
Observe that the multiplication by p is an automorphism for the group TorE1 (M;A
p)
hence TorE1 (M;A)p ∼= TorE1 (M;Ap) which is a bounded group. This is a contradiction
and it follows that every p-component of TorE1 (M;A) is bounded. Because this group
has Enitely many p-components, we obtain that
TorE1 (M;A) = B⊕ C
with B a bounded group and C a torsion free group.
If M is, as an abelian group, a torsion group then TorE1 (M;A) is a torsion group and
it follows that it is bounded. Moreover, if we consider an exact sequence 0 → U →
P → M → 0 with P a projective right E-module, we obtain the isomorphism
TorE2 (M;A) ∼= TorE1 (U; A):
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The Erst group is a torsion group and the second is a direct sum of a bounded group
and a torsion free group. Therefore TorE2 (M;A) is a bounded group. If M is torsion
free as an abelian group, consider the exact sequence of right E-modules
0→ M → Q⊗M → T → 0
in which T is torsion as an abelian group. We apply the derived functor Tor and we
obtain the exact sequence of abelian groups
TorE2 (T; A)→ TorE1 (M;A)→ TorE1 (Q⊗M;A)→ TorE1 (T; A)
in which the Erst group and the last group are bounded. Moreover, the group TorE1 (Q⊗
M;A) is a divisible torsion free group because for every positive integer n the mul-
tiplication by n is an automorphism for the right E-module Q ⊗ M , hence it is an
automorphism for TorE1 (Q ⊗M;A). It follows that the homomorphism TorE1 (M;A) →
TorE1 (Q ⊗ M;A) is epic and this shows that TorE1 (M;A) = B ⊕ D with B a bounded
group and D a divisible torsion free group. If D = 0, then, because A is not a torsion
group, we can End a non-zero group homomorphism f : A=t(A) → D. Hence f* is
an inEnite order element in HA(TorE1 (M;A)), a contradiction (* : A → A=t(A) is the
canonical epimorphism). Therefore, TorE1 (M;A) is bounded if M is torsion free as an
abelian group.
The general case follows now easy by using the exact sequence 0→ t(M)→ M →
M=t(M)→ 0, hence A is E-almost 6at.
The proof of the fact that A has the quasi-Baer splitting property is presented in the
last part of [5, Theorem 2.3].
As a consequence of this result we obtain the analogous equivalence with (a)⇔ (b)
in [2, Theorem 2.1].
Corollary 3.4. Let A be a self-small group such that it is almost =at as an E-module.
Then A has the quasi-Baer splitting property if and only if for every right E-module
M the canonical homomorphism $M is a quasi-monomorphism.
Proof. Suppose that A has the quasi-Baer splitting property. Let 0→ U →P → M → 0
be an exact sequence of right E-modules such that P is projective. Then we obtain the
commutative diagram
0 −−−−−−−−→U −−−−−−−−−−−→P −−−−−−−−−−→M −−−−−−−−→0 $U
 $P
 $M
0 −−−−→ HATA(U ) −−−−→ HATA(P) −−−−→ HATA(M)
which represents in Mod-E=B a commutative diagram with exact sequences. From the
Snake Lemma we obtain that Ker($M ) and Coker($U ) are isomorphic in Mod-E=B.
Using Theorem 3.3, we observe that U is almost A-adstatic and it follows that $M is
a quasi-monomorphism.
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Conversely, let U be a submodule of an almost A-adstatic module M . Then the
diagram
0 −−−−−−−−→U−−−−−−−−−−−→M −−−−−−−−−−→M=U −−−−−−−−→0 $U
 $M
 $M=U
0 −−−−→ HATA(U ) −−−−→ HATA(M) −−−−→ HATA(M=U )
represents in Mod-E=B a commutative diagram with exact sequences and, using again
the Snake Lemma, we obtain that $U is a quasi-epimorphism. Then U is almost
A-adstatic and Theorem 3.3 shows that A has the quasi-Baer-splitting property.
From these results we obtain the result corresponding to [1, Theorem 2.5].
Theorem 3.5. Let A be a self-small abelian group which is almost-=at as an E-module.
Then the following conditions are equivalent
(a) A has the quasi-Baer-splitting property.
(b) For every (quasi-)epimorphism  : C → G with C and G almost A-static groups,
the canonical homomorphism HA() : HA(C)→ HA(G) is a quasi-epimorphism.
Proof. (a)⇒ (b): This is proved in [5, Lemma 2.2].
(b) ⇒ (a): Let M be a right E-module and let P be a projective right E-module
such that there exists an exact sequence
0→ U →P → M → 0:
Because A is almost-6at as an E-module, we obtain that Ker(TA()) is a bounded
group. Using [5, Lemma 2.2], the group TA(U )=Ker(TA()) is almost A-static and it
follows that TA(U ) is an almost A-static group. If F
→U → 0 is exact and F is a
free right E-module, we obtain that the epimorphism TA(F)
TA()→ TA(U ) → 0 is be-
tween almost A-static groups. Hence HATA() is a quasi-epimorphism. $F being a
quasi-epimorphism, from the equality $U=HATA()$F , it follows that the homomor-
phism $U is a quasi-epimorphism. Using the diagram
0 −−−−−−−−→U −−−−−−−−−−−→P −−−−−−−−−−→M −−−−−−−−→0 $U
 $P
 $M
0 −−−−→ HATA(U ) −−−−→ HATA(P) −−−−→ HATA(M)
we obtain that $M is a quasi-monomorphism for every right E-module M . From the
preceding Corollary we obtain that A has the quasi-Baer-splitting property.
Using this result, we obtain a similar statement to [2, Corollary 2.3]:
Corollary 3.6. Let A be a self-small abelian group which is almost-=at as E-module.
Then the following are equivalent:
(a) A has the quasi-Baer splitting property.
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(b) A right E-module M is almost A-adstatic if and only if TA(M) is an almost
A-static group.
Proof. (a) ⇒ (b): In [5, Proposition 2.1] it is proved that if M is almost A-adstatic,
then TA(M) is an almost A-static group.
Suppose that TA(M) is almost A-static. If we choose a projective resolution
0→ U → P → M → 0;
using Theorem 3.5 we obtain that the diagram
0 −−−−−−−−→U−−−−−−−−−−−→P −−−−−−−−−−→M −−−−−−−−→0 $U
 $P
 $M
0 −−−−→ HATA(U ) −−−−→ HATA(P) −−−−→ HATA(M) −−−−→ 0
is exact in Mod-E=B and by Theorem 3.3 and the Snake Lemma in this abelian
category it follows that $M is a quasi-isomorphism.
(b) ⇒ (a): Suppose that TA(M) is bounded. Hence TA(M) is almost A-static and
(b) implies that M is almost-A-adstatic. Then M is quasi-isomorphic to HATA(M) and
this is bounded as an abelian group. Therefore, M is bounded as an abelian group and
Theorem 2.3 proves that A has the quasi-Baer-splitting property.
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